R esum e. Dans le cadre des probl emes aux limites elliptiques du second ordre, nous pr esentons l'essentiel de la structure des solutions singuli eres aupr es des sommets et arêtes d'un poly edre, et nous evoquons les di cult es inh erentes a l a p r esence de ces singularit es.
A mathematical domain is an open subset in R n where partial di erential equations are set, and represent an idealized subset of the physical world. A smooth domain is then a domain whose boundary can be described by a nite number of smooth maps. Thus a non-smooth domain can have in nitely various descriptions. Here, we will concentrate on polyhedral geometries, letting aside purely Lipschitz domains and domains with cusps. A Lipschitz domain is described by bi-Lipschitz maps and can be very pathologic, containing an in nite number of sides and corners for example. For cuspidal domains (where there are piecewise smooth faces, but tangent in certain points), we refer to 35] , 17], 37, 38] .
So, to x ideas, we consider three-dimensional polyhedral domains . To s u c h a domain belong faces F, edges E and vertices v, where is locally di eomorphic to a half-space R 2 R + , a w edge R ; E or a polyhedral cone ; v respectively. The wedge is the product of R by a plane sector ; E and the polyhedral cone ; v is an in nite cone with vertex 0 and plane faces. We end this section by the following remark: in general, polyhedral domains are the limit case of real domains where edges and corners are replaced with neighboring regions where the curvature of the boundary is very large. Though being in principle smooth domains, these more realistic geometries will create at least similar di culties than polyhedra, see Maz'ya, Nazarov, Plamenevskii 33].
Elliptic boundary value problems
Here, we do not consider time-dependent problems and we only quote as selection in the literature Kozlov 25 ] for parabolic problems, and Lebeau 30] f o r h yperbolic problems.
We concentrate on steady or periodic states, governed for example by c o n tinuum mechanics, uid mechanics or electromagnetics. In a rst approximation, the equations arising from physical laws in these situations can be written as a linear elliptic boundary value problem, and, even, as a coercive v ariational problem.
Thus, to x ideas, we consider elliptic boundary value problems generated by a variational formulation based on a subspace V of H 1 ( ) and a coercive integro-di erential form a of order 1: u 2 V 8v 2 V a(u v) = f(v): (1) Here are our basic assumptions V = fv 2 H 1 ( ) v = 0 o n @ D g, w h e r e @ D is a part of @ . We assume that the intersection of @ D with each f a c e F of @ is either empty, or the whole face or a polygonal subset of F. where the coe cients a are \polyhedral piecewise smooth" in the sense that there exists a nite polyhedral partition ( j ) j2J of such that all a are C 1 ( j ), j 2 J. Monique DAUGE 21 The right hand side f is a continuous bilinear form on V . The assumption of coerciveness is that there exists c > 0 s u c h that for all x 2 and all 2 R 3 there holds X j j 1 X j j 1 a (x) cj j 2 :
Thus the boundary value problem corresponding to (1) is a transmission problem (if we make the more usual assumption that the coe cients a are smooth on , we obtain the boundary value problem consisting in the rst two lines of (2)) 8 < : Here N = " j @ n , w i t h n a unit normal derivative o n F.
2. The equation for the displacement of an elastic multi-material structure (A j is the rigidity matrix of the material j ) associated with the bilinear form
with e the strain tensor and : indicates the contraction of tensors. Here N is the traction operator j n, where j = A j e(u). The part @ D is the clamped part of the structure. Indeed, this framework can be widely extended (general Agmon-Douglis-Nirenberg's type 1] transmission problem of arbitrary order, with a coerciveness assumption) so that there holds similar results to those we will describe. See also Grisvard 20] for oblique derivatives problems in polygons, to Nicaise 41] for polygonal transmission problems and to Dauge, Nicaise 18 ] f o r a c o m bination of both. 
then u 2 PH s+1 ( 0 ). Now, if 0 intersects any edge or vertex of or of one of the j , such a result does not hold anymore in general. We will see later on that it holds for small enough s, the upper bound being explicit in a certain sense.
Let us point out that for Lipschitz domains and the Dirichlet or Neumann boundary value problems associated with the standard Laplace operator the general bound is known: this is 1 2 , see 22, 2 3 ] . Of course such a result is coherent with what can be obtained for polyhedral domains. But the corresponding bound can be much smaller as soon as transmission problems are concerned.
The determination of the upper bound for regularity is closely related to the spectrum of what we c a l l Mellin symbols along edges and at vertices. Moreover, the eigenfunctions of these symbols generate the singular functions which are precisely the default for the shift theorem to hold.
Mellin symbols
For the transmission problem (2) associated with the partition ( j ) j2J the set of vertices is the union of the vertices of all j and the set of edges is the union of the edges of all j . Of course these sets reduce to the vertices and edges of respectively if there is no transmission condition inside and if there is no transition of boundary conditions inside the faces of . v ] is meromorphic in 2 C , the set of its poles is S v] and its polar pa r t i n a n y 2 S v] has a nite range.
Edges
Let e be a point i n a n e d g e E. W e assume that there exists a local chart which transforms in a neighborhood of e, and the j having e in their boundaries into wedges R ; e and R ; e j . By this local chart, problem (2) is transformed into a similar problem in the wedge R ; e . In cylindrical coordinates (r z ), with z 2 R and (r ) polar coordinates in the sector ; e , the operators L, B and N can be formally expanded in increasing powers of r according to: 
To the operators L, B and N are associated their Mellin symbols in r, similarly to (5): r@ r is changed into . The important p o i n t is that the tangential derivative @ z along the edge does not appear in these symbols. With G e and G e j the angular intervals corresponding to ; e and ; e j , w e can de ne the operator valued Mellin symbol (which i s n o w an ordinary 
Note that the proof of this formula relies on a priori elliptic estimates for the operator L
with its boundary conditions in a smooth part of the cone ; v (away from the corner).
If is a smooth cut-o function which is equal to 1 in a neighborhood of 0 and equal to 0 away from a larger neighborhood where coincides with ; v , as a consequence of (8) u 0 2 H s+1 ( ): (11) with, in the particular situation of this section, U q 2 H 1 0 (G v ) \ C 1 (G v ). If 0 6 2 N, a s R e 0 < s + 1 ; n 2 , a n y non-zero term u v 0 (11) satis es u v 0 6 2 H s+1 ( ) (although satisfying L( u v 0 ) 2 C 1 ( ) and the boundary conditions). All these terms are singular functions and contribute to the singular part. 
Then there holds This statement can be extended to any three-dimensional domain (possibly decomposed into sub-domains) having edges in the sense of section 4 and also vertices which a r e conical points. The requirement is that there exists a smooth local map which transforms a neighborhood of such a v ertex into homogeneous cone(s) and that the transformed operators can be expanded like i n ( 4 ) . In the situation of Figure 4 (an ordinary cone, a hollow In Figure 5 we indicate the situations which produce the lower bound: two di erent values for the " j (materialized by the two colors in the drawings) are enough but the ratio between these two v alues has to be very large or very small. 
Straight polyhedra and constant coe cients
In this subsection, we will present (in a simpli ed framework) the results of 16] concerning the expansion into regular and singular parts in a polyhedron. So, we assume 8 > < > :
i) The domains and j are polyhedra (i.e. with plane faces),
ii) The form a has piecewise constant coe cients (constant in each j ), iii) The singular functions u k v and u k e have no logarithmic term.
As a consequence of the points i) and ii) of the assumption (14) , neither the pseudo spectrum e
S e] nor the singular functions u k e depend on the xed point e 2 E: they only depend on E and can be denoted e
S E] and u k E respectively. F rom the expansion (12) we can guess that to each v ertex and each edge will be associated a part of the expansion and that the edge parts will involve coe cients along the edges. In order to give a precise statement, we n e e d w eighted Sobolev spaces for these edge singularity coe cients and a smoothing operator. Let us x an edge E: w e recall that (r z ) are cylindrical coordinates associated to this edge and let : E 3 z 7 ;! (z) 2 R (16) and by i n terpolation for non-integer m. The smoothing operator K ] acts like a lifting of functions on E into : in order to de ne it, we need two di erent stretched variables. Firstlỹ r = r :
We call the triple (r z) the stretched cylindrical coordinates. The inequalitiesr < r 0 de ne a sort of sectorial neighborhood of E. (14) . L et u be the solution of problem (1) For a complete statement in the situation satisfying to i) and ii) of the assumption (14), but without excluding logarithmic singularities, see 16].
Vertex { Edge interaction
We still assume (14) , and only in order to simplify the notations, that the \multiplicities" K v and K E are equal to 1, which a l l o ws to drop the exponent k for the singular functions. We m o r e o ver assume that we are in situation b) of Theorem 7.1.
In Figure 6 , the edge E has the vertices v1 a n d v2 as end points. The vertices v1 a n d v2 correspond to spherical polygons G1 a n d G2 respectively. The corners of G1 correspond to the edges E, E11 and E12 and the corners of G2 correspond to the edges E, E21 and E22. In presence of curved edges or variable coe cients, the operator valued Mellin symbol P e ] and the singular functions u k e depend on e 2 E. Let us assume now that there are only edges and no vertices (since the edges are curved, this is possible!). A di culty arises now, coming from possible changes in the multiplicity.
If we a void this di culty b y the assumption that for all e 2 E the algebraic and geometric multiplicities of the poles of the resolvent R e ] do not change in the strip 0 < Re s and that they never coincide with integers (in other words, there exists a way to de ne the bases u k e with a C 1 dependence on e 2 E), then an expansion like u ;
holds with coe cients which belong to Sobolev spaces with variable exponents, see Maz'ya, Rossmann 36] and Nazarov, Plamenevskii 39]: if is a simple pole k E 2 H s;Re (E):
But the above assumption is not generic. Two basic situations escape to this assumption i) For e 0 2 E and 0 2 S e 0 ], the resolvent 7 ;! R e 0 ] h a s a double pole and for e 2 E, e 6 = e 0 there are two simple poles 1 (e) ! 0 and 2 (e) ! 0 as e ! e 0 . This is the classical situation of a branching 1 . I n a n y e 2 E near e 0 , there exist two 1 The well known example is the rst singular function of the Stokes Dirichlet problem: e0 corresponds to the opening ! = 0 :813 and e 6 = e0 to di erent openings.
Monique DAUGE 33 associated singularities: in e 0 these are r 0 U e 0 0 ( ) and r 0 log r U e 0 0 ( ) + V e 0 0 ( ) and for e 6 = e 0 , these are u 1 (e) : = r 1 U e 1 ( ) and u 2 (e) : = r 2 U e 2 ( ):
ii) The pole is simple and depends smoothly on e 2 E but for an isolated value e 0 2 E, = 0 2 N 2 and interacts with polynomials. This is the case of the crossing 2 . There is only one singular function for each v alue of e but it has di erent expressions if e = e 0 r 0 log r U e 0 0 ( ) + V e 0 0 ( ) and if e 6 = e 0 r U e : In this situation r 0 U e 0 0 ( ) is a polynomial in cartesian variables 3 and is the limit of r U e as e ! e 0 . Then we set 1 (e) = (e) a n d 2 (e) 0 , a n d u 1 (e) : = r 1 U e 1 and u 2 (e) : = r 0 U e 0 0 :
In both situations, if we try to write an expansion of the solution u with the original singular functions u 1 (e) and u 2 (e) in the case of branching, and u 1 (e) in the case of crossing respectively, w e obtain coe cients which b e h a ve in general like ( 1 ; 2 ) ;1 and thus blow u p a s e ! e 0 . W e obtain Stable Singularities by taking the sum and the divided di erence of the previous expressions e u 1 (e) = u 1 (e) + u 2 (e) and e u 2 (e) = u 1 (e) ; u 2 (e) 1 (e) ; 2 (e) : These new singular functions depend smoothly on e 2 E and yield asymptotic expansions like (19) with coe cients which do not blow u p a s e ! e 0 , see Costabel We note that in case ii), w e h a ve t o c o m bine a singular function with a polynomial (which is a regular function). Here the correct concept is that of asymptotic expansion rather that of splitting into regular and singular parts.
E ects of singularities on nite element discretizations
The rst obvious e ect of singularities is the limitation of the regularity of solutions, even if the data are very smooth. This fact hampers the convergence of Galerkin methods based on nite element discrete spaces for the discretization of problem (1). 2 The well known example is the rst singular function of the Laplace Dirichlet problem: e0 corresponds to the opening ! = =2 a n d e 6 = e0 to di erent openings. Then 0 = 2 . Concerning the p-version of nite elements or the spectral element method, where a mesh is xed and the degree N of the polynomial spaces is increased, from the regularity of the solution u of (1) in Sobolev spaces we can deduce that the convergence rate in energy norm is N ;s 0 . But this result is not optimal, indeed, for smooth enough data, the convergence rate is doubled: it is N ;2s 0 see Dorr 19] for the p-version and Bernardi Thus, augmenting the degree is a priori more e cient than increasing the number of subdomains in the mesh. However, within the h-version, a re nement of the mesh using special gradings can restore optimal convergence rates, see Raugel (20) Here E is the electric part and H the magnetic part of the electromagnetic eld, whereas " and are the permittivity and the permeability of the medium. The right h a n d s i d e J is the current density. The exterior boundary conditions on @ are those of the perfect conductor (n denotes the unit outer normal on @ ):
E n = 0and H n = 0on @ : (21) When is polyhedral, or if the medium is heterogeneous with polyhedral homogeneous subdomains j where " and are constant, the electromagnetic eld has di erent kinds of singularities which are thoroughly described in 12, 15] . The main di erence with what we described in the previous sections is the variational space: Equations (20) and (21) can be transformed in elliptic boundary value problems associated with the form (u v) 7 ;! Z curl u curl v + div u div v (22) involving E or H alone, but the variational space for the electric part E is de ned as
and the corresponding space X T ( ) for the magnetic part is de ned similarly. The remarkable feature is that X N ( ) or X T ( ) a r e n o t c o n tained in H 1 ( ) 3 (22) is coercive o n a n y of the spaces X N ( ) and H N ( ) and yields di erent solutions in general if the variational problem is posed in X N ( ) or H N ( ), see Costabel 7, 8 ] and 15]. Singularities are not there only to give trouble to mathematicians, to their theories and numerical methods. They are a part of the correct description of phenomena. For example, the singularities along a crack front, especially in continuum mechanics, are very important. First they are strong, behaving in r 1=2 for displacements, whence in r ;1=2 for stresses. Second, the associated coe cients c v are called stress intensity factors and intervene in di erent fracture criteria, see Nazarov, Polyakova 40] and the references therein.
Indeed, even if the domain has not real sharp corners, but only regions where the curvature of its boundary is very large, see in the middle of Figure 7 , the behavior of its solutions are almost singular. In the example of Figure 7 , the limit domain with corner is represented in (a). The solutions of coercive elliptic boundary value problems on can be expanded with respect to the curvature parameter (for example, the curvature radius ") a s " ! 0 and involves solutions of problems on the domain (a) but also corner layer terms whose pro les are solutions of problems on the unbounded domain (b), see Maz'ya, Nazarov, Plamenevskii 33]. coincides with the set of the zeros of special analytic functions, the root discriminant functions see Lozi 32 ] a n d Orlt, S andig 43] for Stokes, Grisvard 45 ] using boundary element method on its boundary @G.
As a nal conclusion, let us say that many regions are left to future mathematical or numerical explorations. The interaction of singularities with small (or large) parameters constitute one of these regions, endowed with very rich and various landscapes...
